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REFORT NO. 976

WCTaylor/PMFreuenfels/mlu
Aberdeen Proving Ground, Md.
March 1956 '

THE EMPTYING OF A GUN TUBE (U)

ABSTRACT

An elementary approximate description is proposed for the flow
of propellant gases from a gun tube. After a recapitulation of the
discussion of the Pidduck-Kent flow, there is presented a simple flow
wvhich is conjectured to be, with the unknown correct value of a
certain parameter, an accurate asymptotic representation of the (sﬂit-
ably ldealized) succeeding flow. This éimple flow can be generaliized
to the emptying of an arbitrary vessel through an orifice and is in
,turn a generalization of the quasi statlionary treatment of the emptying
through a small orifice. In the gun 1t appears to be a good approxi-
matlon except for a brief interval after the dlsturbance of the flow
by the release of pressure at the muzzle. An example is given in which
numerical comparison can be made with experiment and with other calcu-

latlons.
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The flow of propellant gases from & gun tube becomes lmportant
in & number of problems, among which are 1} the estimstion of recoil,
2) the design for very rapld fire in which the breech may be opened
before the pressure has completely decayed, 3) the design of a muzzle
‘brake or bore evacuator. We are presenting here a simple anslytic
treatment of the emptying of the tube which may be useful for (1) and
(2) but not,. in many cases, for such purposes us (3) since it provides
a good approximation to the flow except just after the disturbance of
the flow by the release of pressure at the muzzle. The aim is to ob-
tain a simple realistic treatment which can be used with confidence in
extreme caséé'ahd over long intervals of time. Existing methods appear
to be sufficiently accurate for most needs in conventional cases. The
flow of the gas from the tube 1s pictured as consisting of two stages.
The first stage is governed completely by the initiel condition, the
flow attalned by the expanding column of gas et the instant the base
of the projectile emerges from the muzzle., We have supposed this
porticn of the flow to be the flow described by Love and Pidduck @) and
Kent [ . In the first section of this report we have recapitulated,
perhaps unnecessarily, the discussion of that flow and have, we hope,
simplified it somewhat.

The second stage, which we have called the expansion wave for
lack of a better term, we have supposed to be governed by the condition
which we suppose to exist, that the veloecity of effiux of the gases
from the muzzle becomes and remains sonice after the exit of the pro-
Jectile. There are two cases to be considered. If the veloclty of the
projectile as it emerges is less thaun the velocity of sound in the gas
immediately behind 1t, we suppose that the veloeity at the muzzle in-
creases instantanecusly to sonic. If, however, the velocity of the
projectile i1s greater than the velocity of sound in the zas following
it, we suppose that within the tube the same Pidduck-Kent flow con-
tinues until the velocity of that flow falls to sonic at the muzzle and
that thereafter the velocity of the gas at the muzzle remains sonic.
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In eilther cese once the veloeciiy at the muzzle is sonic the outflow
from the muzzle is more rapid than the formulas describing the
Piddnck—Kbnt flow would indicate. The resulting disturbance of the
Pidduck-Kent flow is propagated through that flow at sonic velocity.
The eéuation of the head of this expansion wave (or of any cheracter-
istie in the Plidduck-Kent flow) may be expressed as an elementary re-
lation between quantities found by guadrature in the preceding
discussion of the Pidduck-Kent flow. The breech pressure is not
affected by this expansion wave until the head of this wave reaches
the breech. In the meantime, the breech pressure is toc be computed
from the Pidduck-Kent formulas. '

To describe approximately the flow irn the expansion wave we have
used & method which we judge to be a distinct impro#ement over earlier
treatments. It is'a flow in which the Mach number remains constant at
each position, the velocity, pressure and density being each a product
of a function of position by a functioﬁ of time. 1In particular the
pressure at any point has the same time dependence as has been found
in the well known treatment of the emptying of a large reservoir of gas
through a small orifice by assuming quasi-steady fiow in the nrifice
(see, for example, Ackeret (1] ). The formulas so cbtained have been
applied successfully to the emptying of gun tubes {see the historical
account in Corner (3 , also Vinti [11] and Lockett [7] -) but not

'happily, since, lacking the partial Justification we give here, the
effect of the motion of the gas in the tube could not be assessed.

The flow 1ls supposed one-dimensional and homentroplc. We suppose

the pressure p and density p to be connected by the relation (1.3).
The effects of friction and of the motion of the tube in recoil are
neglected. Accepting the limitations imposed by these assumptions,
the shortcomings of the present treatment lie (l) in the possible
fallure of the Pidduck-Kent flow to provide a sufficiently good
approximation to the flow behind the projectile, and (2) probably
chlefly in that the flow proposed as s description of the expansion
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wave does not satisfy the conditions imposed by the conservation re-
lations at the head of the wave. There is available one parameter
"whose value 1s to be chosen to fit the expansion wave to the Pidduck-
Kent flow, and while we surmise that a proper choice would yield a good
asymptotic description-of the flow (i.e.- after a long time, but before
the time the flow .in the tube is affected by atmospheric pressﬁre out-
slde) we have not found a truly satisfactory wey to determine the value
of this parsmeter. For the purpose of estimating the behavior of the
breech pressure we have determined the value of the parameter by im-
- posing the condition that the breech pressure be continuous. A nu-
merical example is included based on experiments performed by Tockett
[7) . In these experiments, Lockett measured the variation of breech
pressure with time from the instent of shot ejectlon until about 50
milliseconds afterwards. He then compared these experimental data with
values predicted by two methods. 1In this report we reproduce the re-
sults of lockett, both experimental and theoretlcal, and adjoin the
results of our computations. These results are shown in figures 3 and
4. These are the only pressure records known to us for which carefui
attention has been pald to the accuracy of the low pressures after shot
ejection and which also satisfy consistency requirements. Honesty re-
quires the comment that although our results look very good indeed in
these cases, the method cannot be expected to be as good in other

caseg, in particular for low veloecity guns.

Figure 5 shows the predicted behawicf of the pressure in the tube
in one case. The inconsistency appears there as the discontinuity at
the head of the expansion wave., It is clear that the approximation
is not good in the early stages of the expanslon wave. For problems
in which this portion of the flow ls important we have employed graphi-
cal integration using the characteristics. We hope to present and
discuss this elsevhere. Let it suffice to anticipate that discussion
only to the extent of remarking that the [raphical calculations show,
in the cases we have tried, that when the head of the expansion wave
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has deen once reflected at the breech, has traversed the tube again
and been swept out the muzzle, the remaining flow in the tube fits the
"expansion wave" treatment presented here guite closely.

1. The Pldduck-Kent Flow

The flow discovered by Pidduck [8) and discussed by Kent [5] and
Vinti (12, 13) is best described with lagrangien coordinates. As co-
ordinate to designate any section of the fiuid we shall use the mass
¥ of gas, per unit érea of bore, behind it. Thus ¥ = 0 is the coordi-
nate of the section of the gas which ia-(and remains) in contact with
the breech, For the gas at “the base of the projectile the value of ¥
is the total mass C/g of the charge divided by the aree A of the bore:

A C/Ag.

Iet the distance of the section ¥ from the breech at time t be
x = x (y,t). The Gensity is then

o = olh,t) = Y (L)

If the pressure is p = p (y,t), the acceleration of the gas 1s given

by

3°x d

ex . .2 (1.2)
oy

af?

It is supposed further that the pressure and density are connected by
the relation

p=k%fnr7 (1.3)

where the constants n and y, the covolume and the polytropic exponent,
as they are called, of the gas depend only on the composition of the
vropellant, and may be conslidered known. The polytroplic constant k,
on the other hand, gpecifies the particular adlabatic curve followed
during the expansion of the propellant gas after "all burnt”.

CONHQENTIAL
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_Combining equations (1.1), (1.2), (1.3), we obtain the differ-
ential equation:

o o 3 -7
Xey =~k -a-'_‘-"- (Xw -n) (1.%)

With the free volume (as it 1s called)
Z=X-1V
z ('Q'Jt) -

as independent variable, equatioh (1.4) takes the simpler form

It

gy 7K (zv.y)w (x.5)

To solve this equation by the method of separation of variables, -

we introduce new independent varisbles, §§ and w, and two functions §
and T by setting T

¢ =BV , (1.6)
w=cect , (1.7)
z=a Q@)1 (v), (1.8)

where @, B and € are constants still to be determined. We adjust these
parameters to simplify the equation resulting from (1.5). Substituting
(1.6), (1.7), (1.8) into (1.5) shows that the relation

-y=-1l -y+1 -2

2y _ry -1
7-lka B e = (1.9)

leads to
-1 -y=-1
-1 1 i - 2 T7 Tn
Lx o (@) o= A,
where primes denote differentiation with respect to ¢ and w, res-
) pectively. The common value of both sides of this equation must be
constant, and without loss of generality we may assume this constant
to be unity. This yieldes two ordinary differential equations of the

second order,
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(7-1) ()7 &" - 23"
and
(y-1)7T7 70 = 27

From the definition,d (0) = 0. Designate as t = 0 the instant
at which the gas is at rest so that T' (0) = 0. We set '

, \@‘(o) = 1 and T{0) = 1 B (1.10)

as two further conditions which serve to speclfy completely the
functions @ and T. Other non-zerodchoices lead merely to a different
adJustment of numerical factors in® and T and their arguments. Inte-
grating, we have then

T et A ( T | (1.11)
1- (@7 -2 . (1/12)

and the functions P(¢) and T (w) are given by

& e
¢ = j;(l - T Ay, o (1.13)
w = J'I(l J ey g (1.14)
I

Charts, figures 1 and 2, furnish means for evaluating these
functioné. For smaller values of ® and @, expansion of one as a power
series in the other is convenient. For much greater precision the
tables of Vinti and his collaborators [12, 13] may be used.

The parameters k, P, @yand € must be evaluated to sult the indi-
vidual case. In the type of problem under consideration the muzzle
veldcity Vm and the weight W of the projectile are known, as are the
welght C and chemical energy of the propelling gas and its thermo-
dynamic properties, 7 and n. The values of the parameters can be ob-
tained from these as is shown below. It must be remembered hovever
that the sclution has rot been fitted to whatever initial conditlons

CONFIDENTIAL
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existed in the gas when the solid propellant was all burned. The ade-
quacy of this treatment depends on the conjecture that the ssymptotic
behavior of the solution is independent of the initial conditions (ang,
of course, from another point of view, 1t depends on the experimental
verification).

Let the subscript p refer to the base of the projectile. From
{1.6) we have

B=g® = grgd/c (1.15)
whei'e A 18 the area of the cross section of the bore.

The force on the base of the projectile determines its a.cceler_é.-
tion in the fashion:

14 T

X = -

Ap = tt

o, =

. !
vhere (1.2) has been used and W is the weight of the projectile,
adjusted to eccount for friction. Inserting (1.12) and (1.15) there

results after some reduction,

-t : .
&2y -1 -3 C (
¢p¢p (l q‘ P ) 27 wl ’ \1'16)

which may be solved simultaneously with (1.13) for '¢P and Cbp as
functions of %, . Then B may be found from (1.15).

Let the gubscript e refer to the insten the base of the pro-
Jectile emerges from the tube, The quantities Té, T civen in (1.18)

below are found by counting up the energy. ‘the total energy released

by the propellant is F—‘C—i- s, where F 1is the specific force of the

propellant. The kinetic energy of the projectile is é — W:V2and the
E
ratic of these 1s the efficlency,

]
o222 -g—FW—C Ve, (1.17)
1l
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- and © o MBY be computed. The internal energy of the gas 1s

2 Z
P P
o $p -1 _
A Ak [y =Li&ﬁ£.f7ﬂj.i_2 a
7_1fpdz 7-1sz- dz = =T o( @) ®.
(-] .
The kinetic energy of the gas is
-1
e . o 7-1
éf 2 ay=f P FEE IKP@’.(l-cba) ad
2 t 28
° ' L]

We may write

(Total energy) = Kinetic energy of\+( Kinetic energy\+ [ Internal energy
' _the projectile of the gas of the gas

If the preceding expressions are ingerted and some reduction carried out

there results

Tf? A S (1 + -—9--5-) (1.18)
e 37.1 e\ w|¢,p

whence we find T_ by means of (1.11). The total volume of the gun is,
from (1.8)

ae -
i ad)p T, A, (1.19)
This furnishes the value of &, Equatic: (1.8) shows also that _
' .
v, = aecbp're (1.20)

vhich ylelds e. Finally, (1.9) gives the value of k.

For convenience of reference, we collect he:se expressions for X, 5P
and ¢ a3 functions of the Bulerian coordinates x and t.

.We first ca.lculate§ and T as functions of x and t. To this end
we firet find w by (1.7) and T by. (1.14). Then we calculate ¢ and Q
by using (1.8) and (1.13) simultaneously. Equation (1.8) gives us

x, =qe T, (1.21)

CONFIDENTIAL
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while (1.1) and (1.8) yield
p=[apdT +q] "t (1.22)
The pressure p 1s, by (1.5)7, )
= k (ap®T)”? (1.23)

In particular, at the breech ®'= 1 and

é’breech =k (0p 1) - (1.2W)

Finally, the sonlc veloclty c is found by means of the relation

2_dp
dp
to0 be
e = (yk} 1/2 (a pdT) 2 [.'l. +—-n—r—] . (2.25)

apdT

If the muzzle velocity is less than sonic velocity, an expansion
wave starts to travel from the muzzle toward the breech at the instant
of shot ejection. EHowever, 1f the muzzle veloclty 1s greater than the
sonic velocity, there will be a time interval during which the propéllapt_
gas velocity at the muzzle droppg to sonic. We shall be interested in
calculating the duration ofthis interval. Let@' and T_ denote the
_ va.luee of P and T respectively at the muzzle and at the instant when

xt = c, .From (1.21) and (l 25) we obtain one of the conditions to be
satisfied. 'by¢> and T :
A
) 1 = - l b 2 )
®, T, =Iz= (1) [+ g - ] . (126)

The second condition to be satisfied by @ , and T_ is based on the
fact that the expansion wave starts at the muzzle. Hence by (1.8):

=3 P vl T (1.27)

CONFIDENTIAL
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where X is the equivalent ruzzle distance. Solving these two equations
simurtaneously gives us the desired values of(bs and Ts.

The head of the expansion wave, the inttial disturbance of the
Pidduck flow, is propagated at sound speed with respect to the gas,
that 1s , along a characteristic o” that flow. See, for example,
Courant~Friedricks [3] , p. 106. Its progresa 1s therefore governed
by the equation o

ay
dt

it

‘pc.

If this relation is expressed in terms of the variables @ and T' it
can readlly be integrated. The result is

1"t @ = sl T' + constant. (1.28)

The constant may be eva.lua,ted by substituting the values @ and T' .
In part.\.cula.r, at the time at which the expansion wave arrivea et the
breech

T' = T} = sin (sin~t T+ sin~t ¢S) . (1.29)

This should be an improvement on & method used by Kent [6} to estimate
the time of the arrival of the expansion wave at the breech.

2. The Expansion Wave

The differentisl equations (2.3) and (2.4) below, for nearly one-
dimensional compressible flow in a tube of varlable cross section,
have solutions in which the velocity and the speed of sound are,

respectively,

u = X(x) (2.1)

and

o
c = Lix) (2.2)

where X(x) and L(x) denote functions depending only upon the distance
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x along the gun tube, to being a sultably chosen congtant. A solution
in vhich u vanishes at the breech and u = ¢ at the muzzle is used to
describe the later stage of the emptying of a gun tube. In the case
of constant cross-sectional area it is found to 'be>possible to express
the functions X and L parametrically in terms of quadratures.

A similar tr'ea:bment may be applied to the emptying of a vessel
of any shape through an orifice small enough that we can accept an
 .arbitrery specification of the surfsce over which the veloeity is to
'besonic We have not investigated the posa:l.'bility of proving the
conjecture that the flow from a tube into & vacuum has asyfmptot.ica.lly
the character described here. It would appear to be somevwhat easier to
investigate than the corresponding conjecture about the asymptotic
character of the flow behind a projectile. PFor the emptying of a vessal
of & shape other than a tube the pro'blem-would include inferring the
shape of the surface over which the velocity is sonic.

The differential equations which govern the almost one-dimensional
flow of & non-viscous gas along a tube of slightly and slowly varying

cross-section A = A(x) are, in Eulerian form,

Apg + (pAu) =0, | (2.3)

u

t

-1

where u = u (x,t) is the irelocity of the gas and the cothLer letters
represent the same physical quantitles as before. It will be supposed
that the pressure and density are connected by the relation

p=kp’ (2.5)

It is convenlent to introduce the sonie velocity ¢ into equations

(2.3) end (2.4) instead of the density. We have _
M . . ) .t.l—
e® = dp/dp = ykp?! ~ . 7kl/7 p 7 {2.6)

CONFIDENTIAL
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This ylelds
. r=1 y -1 Al
ct+ucx -——2—- cux"——a——-' C\Ir
' 2
e C

ut+uux=-7_1 %

Introducing (2.1) and (2.2) there results

a(L2 - Xe) X' =12 - st - a1 X %'

(I-a - XE) L' = - (1-8) IX + aIX" A_.'.

where
8 = ——2-—7 it
-

(2.7)

(2.8)

(2.9)

For & given A(x) the system (2.9) could be integrated numerically.
Problems such as we are here concerned with would have tﬁo point
boundary conditions which might cause a bit of trouble. . We have con-
éidered only the case in which A is constant. A similar treatment

could be glven for the case in which LA'/A is constant.
l-s8
8

constant has the value -
at X = I, and no singularity appears.

If this
, the right hand sides of (2.9 )anish

When A’ is identically zero an istegral of (2.9) can be found

and the solution can be expressed parametrically in terms &f &

quadrature. It is convenient to introduce as parameter the Mach

number,
M = M(x) = X/L.
Equations (2.9) msy then be written

2
l’BM 3

.

y o =(1 - 8)M
1-

L

CONFIDENTIAL
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Also
LM' = X' - ML'
2
l - g8 IF (2.-12)
s{l- NP)
and
L' _1@8L -s(l-8) M
. =
7 LM' - L AN - Ty 2P
Integrating,
. l-8 :
L=1 (1-83F) 2° (2.13)
where Lo is constant. Then
. l-8 :
X =ML= LM (1- e M") 28 (2.14)

Inserting (2.13) in (2.12) and integrating, there results, since
M=oat x=o0,

. M l-3s - ,
X = sLof 1-10) (1- 28 2°  am O (2.19)
0

The value of LO is determined by requiring that M = 1 at the muzzle,
X = b, say.

The integral (2.15) can be expressed in terms of elementary
functions when% is an integer, 7 = 5/3, 6/4, 7/5, etc. With & little
manipulation it can be evaluasted also from Chart I. 8Since 32 is small,

- & patlsfactory evaluation is obtained by expanding the second factor

of the integrand in powers of M2 Errors of only a fraction of one
percent are mede by omltting the second factor. Then

M3
x=8L, (M- —3—) (2.16)
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and for M = 1,

x;b=-§-sLo (2.17)

Expending (2.13) similarly we have, approximately,

L= L, (1- '3-—(-;-‘—"-1 W) - (2.18)
X =ML (1- 5—%"—"")- ) (2.19)

In this approximation the character of the singularity at the muzzle

is unchanged. Consilderation of the first neglected terms Indicates

that the maximum error in the pressure introduced in our examples by
the use of (2.15) instead of (2.16) would be at most about 3%, certainly
negligible in the presence of other crudities of the treatment. Actu-
ally the plotted x;aluea' were computed by a different approximation
subject to errors of the same size,

3. Sample Calculations

Lockett ['7] has measured pressures at the breech of the 3"/70
after the exit of the projectile and to the time when the pressure has
dropped to perhaps 50 psi. He has also computed estimates of the pres-
sure by the schemes which have been proposed by Rateau. '

We shall now carry out computations of the breech pressures and '
‘of pressure profiles by the method proposed above and compare the results
with the pressures meusured and computed by Lockett. The results of
these computations are shown in figures 3 and L, together with the
pregsures measured and computed by Lockett.

We shall now explain the detalls of our computations for rounds
" No. 143-151. We begin by listing the date given by Lockett, converting
them to the inch-pound (force)-second system. The charge 1s described

by
¥ = ratio of specific heats = 1.3,

[
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LS.

covolume = 1.06 cma/g {in volume/weight urits)

11,300 inu 1t gec™ (in volume/mass unita),

=
u

n

=
n

force of the powder = 52.9 long tons/sq. in.
per g/cm
328+ 10° inches,

Q
'

weight of charge = 10 1bs, 2 oz, 8 drams

i

10.2 lbs.

The gun is described by:

A = cross-sectional area of the bore, = 7.07 8q. in.
W = welght of the projectile, = 15 lbs.
V = muzzle velocity, = 3370 ft/sec = 40,400 in./sec

(this is an average of the five measurements ob-
tained for rounds 143, 145, 147, 149 and 15.).

Ut= total volume of the gun, consisting of the volume

of the gun barrel and of the volume of the
chanber, = 1718 cu. !n.

Note: U, = Uch + A X , vwhere Uch is the chamber volume, A the bore
area and Xm the travel of the projectile.

We shall now compute the constants occurring in the theory of.
the Pidduck-Kent flow, i.e. &, B, and €. These constants will enable
ug to compute the pressure, density, propellant gas velocity and sonic
velocity in that part of the flow which is presumed to be governed by
the Pldduck~Kent theory.

We begin by calculating the values of @ and ¢ at the base of the
projectile. To this end we solve (1.13) and (1.16) simultaneously.
The symbol W' of (1.16) designates the projectile weight after it has
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been adjusted to account for energy losses due to inertial and dissi-
pative resistance. We have found it practical to multiply W by 1.05
to obtain W', This yilelds W' = 15.8 lbs. In order to solve (1.13)
and (1.16) simltaneously, we may proceed as follows: we first guess
: - 1/2
at & value for e3] o’ say@ (1) | [Z'é:}}%_l
f£ind the va.lue of ¢ corresponding to ‘131() ) , 88y ¢(l). We then cal-

« We use chart 1l to

culate the left-hand side of (1. 16) , using ¢ ¢(1 a.ndCD CI’ (l)

We then guess & second value for @ a.nd repeat this process. By lirear
interpolation we then find a third guess for @ p’ anéd we itera.te in
this manner as often as may be necessary. This ylelds CPP = 0.246 and

¢p = 0.2%0.

We next find the constant B by means of equation (1.15)

B = 61.9 in° 1b™> sec”? .

To compute the constants & and €, we begin by finding the thermo-
dynemic efficiehcy 8 at the ingtant of shot ejection, by means of
(1.17): Ge = 0.301. Next, we find T' at the instant of shot ejection
by means of (1.18): T', = 0.602. It follows from {1.11) that
T, = L. 47,

We are now ready to calculate the constants &, € and k. HEquation
(1.19) shows that o = 183 inches, and equation (1.20) ylelds

€ = 1500 sec‘l. Finally equation (1.9) furnishes

hy 21.b7+1 -27.

k=212 . 10 sec

1]

These constants enable us to calculate the propellant gas velocity
x,, the density p, the pressure p and the sonle velocity ¢ as functions
of the distance x and the time ¥ during the Pidduck-Kent flow [cf.

(1.21)-(1.25)} .
However, the Pidduck-Kent flow ultimately ceases whon the rarc

faction wave, starting at the muzzle, has reached the brecch. lence,
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in order to determine the time-gpace intervel during which the Pidduck-
Kent flow obtains, we shall now investigate tbe progress of the ex- .
pansion wave.

We begin by calculating the time when the expansion wave starts
at the muzzle. If the muzzle velocity is svb-sonic, the expansion
wave will start at the muzzle at the instant of shot ejection. How-
-ever, 1f the muzzle velocity is super-sonic, the expansion wave vill -
not start upstream until the velocity at the muzzle of the egcaping
powder gases has dropped to sonic. To decide which case we are dealing
with, we shall calculate the sonic velocity et the muzzle at the ingtant
of shot ejection. For this pu.fﬁoée we use (1.25), which ylelds c, =
37,500 in./sec. Comparing this with the given muzzle velocity
Vm = Lo,400 in../sec » we see that the muzzle veloclity in the present

numerical case under consideration 1s supersonic.

To find Ts , vhich is the value of T characterizing the ingtant
when the expansion wave starts at the muzzle, we solve (1.26) and (1.27)
simultaneously. To this end we guess at a value for Cbs , say @s 1 ,

and use chart 1 to find the corresponding value of @, say ¢£l). Using

(1.27), we £ind the corresponding value of T, say Ts(l). This ensbles
us to find tba right-hend side of (1.26). A new estimate for ‘D, say

:I:s(e), is now cbtained by dividing this right-hand side of (1.26) by

Té -(l). This process is repeated as often &8s necessary. We obtain
Cbs = 0.210, T_ = 5.57 and T} = 0.629,

Having started at the muzzle, the expansion wave now travels
towvards the breech. The formulae relating to the Pidduck-Kent flow
still remain applicable to that portion of the propellent gas which is
ineluded between the head of the expansion wave and the breech. How-
ever, this applicability will cease, natura.lly, when the expansion
wave reaches the breech. We thefefore calculate next Tb’ which 1s
the value of T characterizing the instant when the expansion waye
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arrives at the breech, To this end we use (1.29), which can be put into
the following more convenient form, which is recommended when trigoe
nometric tables are not avallable:

2, 1/2 2 .1/2
A (1-5['; ) + (1-0 )

Th;a_fuxnishga Té_=:0.779.:ﬂence, by (1.11), Tb s,?&.k.

We have thus chsaracterized, by means of the corresponding values
of T, three instants: shot ejection, start of the expansion wave at
the muzzle, and arrival of the expansion wave at the breech, viz., we
have found T_ = k.47, T_ = 5.37 and T, = 22.h. |

To £ind the values of the time t at these three instants, we use
chart 2. Let us consider the instant of shot ejectior. Here

Téa = 0.362. Using chart 2, we find w(Te) = 8.64, Fiﬁally we use

equation (1.7) to calculate t, = 5.78 msec. Similarly, we ohta%P

b, = 6.76 msec, ty = 22.4 msec, all referred to the instant t = O

. corresponding to T = 1, For practical purposes, however, it 1s more

convenlent to refer events to the instant of shot ejection. We

therefore form the differences, to find t_ -t = 0.985 msec,

ty-te = 16,6 msec. Thus the expansion wave starts 0.985 msec after

shot ejection, and arrives at the breech 16.6 msec after shot ejection.
We afe now ready to dlscuss the computation of pressure profiles

vhenever the formulae for the Pidduck-Kent flow are applicable.

1

In the present case it was declded to calculate the pressure at
4 msec intervals from O to 16 msec after shot ejection; and at 60 inch
intervals along the gun tube from O to 180 inches (measured from the
breech), as well as at the muzzle, which corresponds to U /A = 243

inches from the breech.

We begin by calculating the progress of the expansion wave along
the gun barrel from the muzzle to the breech, To this end we first
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calculate T corresponding to each instant of time t for which a pressure
profile is desired., let us carry out a sample calculation for the
instant of O msec after shot ejection. This instant is suitable, since

t -t <8 1072 < t, - t,- Denoting this instant by tg, we have

tg = t + 8 = 13,8 mgee, and hence by (1.7) and (1. 11&), TB = 12.6. We
: rewr:lte (1.28) in the form

1/2 1/2
® =1 (1-72) /2 r(1-1%)

b
Then ¢ 8= .OT48. This is a measure of the mass of powder gas (pe_r_
unit area of the bore) included between the breech and the head of
the expansion wave at the instant tge The distance x from the breech
to the head of the expansion wave at this instant can now be celculated
by equation (1.8} yielding Q(ta) = 186 inches. We compute Q(t) in this
manner for the prescribed values of t satisfying t <t b, o

We are Vnow ready to compute the preésure profiles for that portion
of the flow which 1s described by the Pidduck-Kent formula (1.23). For
values of ¥ satlsfylng t < t < %, we can find the pressure p as &
~function of the distance x (measured from the breech) for all values
of x along the gun tube, 1.e. for all x satisfying 0 < x < U /A. For
8ll values of t satisfying t, <t < %, we can find p(x) for all x
satisfying 0 < x < x(t) But the flow in the remainder of the semi-
infinite strip cf the x -t plane 0 < x < Ut/A’ t, < t 1s not described
by the Pidduck-Kent formulae.

Iet (x,t) denote a point of this semi-infinite strip for which
the Pldduck-Kent formulase amre appliceble. To calculate the pressure
p(x,t), we begin by finding ® corresponding to the given point (x,t).
As an example, let us consider the point 120 inches from the breech a
and 8 msec after shot ejection. Since 120 < 186 = Q(tg), the Pidduck-
Kent formulae are applicable gt this point. To find ® corresponding
to (xlzo,te), we use (1.8), whence (%, 50:tg) = .Ok8%, The pressure
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is now found by equation (1.23): p(xlao,ta) = 4200 1bs/sq. in. The
pressure at the lnstant t8 is thus computed for all desired values of
X, including e.g. the pressure at the head of the expansion wave, by
setting x =4 (tB) In our exasmple we obtain p = L1k0 psi for this
pressure.

Pressure profiles can thus be ca_lculated. for all desired va.lues

of t, for the Pidduck-Kent portion of our flow.

In particular, we need to know the pressure at the breech at the
instant the expansion wave arrives there, .i.e. at tb Since in our
example we have T, = 22. L, (1 24) shows that the breech pressure at
t, 1s p(O,t.b) = 2010 psi.

Tne formulee for the flow of the second type are asssumed to apply
to that ﬁortion of the flow which 1s not deacribed by the formulae of
the Pldduck-Kent flow, i.e. for t < t< &, Q(t) <x< Ut/A, and for
B S 02 x £ U/

Varlous conditions could be 1imposed in order to effect the deter-
mination of to. Since we are interested in variations of the breech
pressure with time, we have imposed the requirement that the breech
pressure be continuous at the instant of arrival of the expansion wave
at the breech, t = ¢ = .0224 gec. We had found above that p(o,tb) =

2010 psi and the corresponding veloclty of sound is Cy =25,200 in. /sec-.

Since we are neglecting covolume excess from this point on, the manner

in which ¢ should be computed is indeterminate to the extent of about
2%. Fortunately the effects of this, ultimately 17%, become large
only at later times when the percentage accuracy of our determination
and of the meagsurements is equally reduced, From (2.17) we f£ind

3u
3b t
LO = a = -._5K = 2430 in,

and (2.2) with x = M = O gives
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from which t = -.0T4l sec.
o

Having determined to’ we are ready to calculate the desired pressure
profiles. Let us calculate e.g. the pressure at t20’ wvhich ia the
_ a0 = G0 inches from *
breech. We note first that t_ = 5.78 msec implies t,, = 25.8 msec.
From {2.16)

instant 20 msec after shot ejection, and at x

20

3
M- X o o
3 slLg

and we may solve for M = .252. The pressure is, using (2.2) and (2.13)

2y
p = p( O:tb) (’g'b) 7=l
2 -—1)—?(3' %
t, -t -1 -1
- 20,8 )(22) T (1- 38

It

1450 psi,

when the valueg above are inserted.

As & second example, let us compute the pressure at the head of
the expanslon wave 8 msec after shot ejection. By our previous cal-
culations we had found that x(tB) 186 inches. Hence by equations
(2.16) and (3.1) p[x(ta), t8] = 3770 psl, as compared to 4140 psi
calculated at the same instant and at the same point by the Pidduck-
Kent formulae.

Pressure profiles can thus be celculated for all values of t > te,
elther by the Pidduck-Kent formulae or by the formulae for the flow
of the second type. The former hold for t <t< t end ell x, and
for t < t<t, and 0<x< x(t), while the latter are to be used for

t, <t <ty andx(t)gxgut/f-\, and for t > t and all x.

i
/}I/ ézg ' C) /Ofé/ Pl M. TeewsSls

WILLIAM C. TAYILOR PETER M. TREUENFELS

I
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